Based on the fact that HIV/AIDS manifests different transmission characteristics and pathogenesis in different age groups, and the proportions of youth and elderly HIV infected cases in total are increasing in China, we classify the whole population into three age groups, youth (15-24), adult (25-49), and elderly ( 50), and establish a three-age-class HIV/AIDS epidemic model to investigate the transmission dynamics of HIV/AIDS in China. We derive the explicit expression for the basic reproduction number via the next generation matrix approach. Qualitative analysis of the model including the local, global behavior and permanence is carried out. In particular, numerical simulations are presented to reinforce these analytical results and demonstrate HIV epidemiological discrepancy among different age groups. We also formulate an optimal control problem and solve it using Pontryagin's Maximum Principle and an efficient iterative numerical methods. Our numerical results of optimal controls for the elderly group indicate that increasing the condom use and decreasing the rate of the formerly HIV infected persons converted to AIDS patients are important measures to control HIV/AIDS epidemic among elderly population.
cases in Yunnan [53] . Zhang et al. developed a mathematical model on the transmission dynamics of HIV. In a case study for Yunnan, China, they divided the total population into four compartments: IDUs (injecting drugs users), FSWs (female sex workers), Clients of FSWs and MSM (men who have sex with men) [54] . Those models are all established to study HIV transmission among high-risk groups. Although HIV exhibits different transmission characteristics in different age groups, there has been very little research on modeling HIV transmission with different age groups. Table 2 ), (b): The new HIV/AIDS infection cases among elderly (≥ 50) from 2005 to 2017 (see Table 2 ).
In this paper, inspired by the above studies, we divide the whole population into three age compartments: youth group (15) (16) (17) (18) (19) (20) (21) (22) (23) (24) , adult group and elderly group ( ≥ 50), then propose a HIV/AIDS model with three-age-classes. After calculating the basic reproduction number R 0 , we prove the global stability of the disease-free equilibrium when R 0 < 1, and analyze the persistence of the disease when R 0 > 1. In addition, under certain conditions, we show that there is a unique endemic equilibrium which is globally attractive if R 0 > 1. Furthermore, the optimal control for HIV transmission and AIDS among aged population is discussed. Simulations are also conducted to illustrate the theoretical results.
The paper is organized as follows. Section 2 presents the mathematical model. The stability of the disease-free equilibrium is proved in Section 3. The uniform persistence of the system and the global attractivity of the endemic equilibrium are discussed in Section 4 and Section 5, respectively. Section 6 focuses on the optimal control strategy under the objective function. Section 7 deals with numerical simulations and sensitivity analysis. Findings and conclusions are summarized in Section 8.
2. Model formulation. In order to take account of the variable properties of HIV transmission among different age groups in China, and based on the fact that the main transmission route of HIV is sexual transmission [28, 27] , we divide the whole population into three groups: youth (15) (16) (17) (18) (19) (20) (21) (22) (23) (24) , adult and elder (≥ 50), the population sizes in those three classes are denoted by N y , N a , N e respectively. In each class, the sub-population is composed of three compartments: susceptible (S i ), infective without clinic symptom (I i ) and AIDS (the people infected HIV with clinic symptom, i.e., the gradual loss of immune function, various opportunistic infections or malignant tumors appear in the body) with low sexual behavior (A i ), i = y, a, e. In the column of Figure 2 , the incidence rates from I y , I a , I e to S y , S a , S e are β 11 I y /N y , β 22 I a /N a , and β 33 I e /N e , respectively. The incidence rate from I y to S a is β 12 I y /N a (green imaginary line), the incidence rates from I a to S y , S e are β 21 I a /N y and β 23 I a /N e , respectively. (red imaginary line), and the incidence rates from I e to S a is β 32 I e /N a (purple imaginary line). Hence the term(β 11 I y + β 21 I a )S y /N y indicates the new infections in the S y compartment. Similarly, (β 22 I a + β 12 I y )S a /N a and (β 33 I e + β 23 I a )S e /N e are indicate the new infection in S a and S e compartment, respectively. α y denotes transfer rate of individuals aging from the youth to the adult and α a represents the transfer rate of individuals aging from the adult to the elderly.
According to the character of HIV, the incubation period of HIV is 2-20 years or more [1] , r y , β y represent the transfer rate from I y to A y and A a , respectively. Similarly, r a , r e , β a are defined. The parameters in model (1) are described in Table 1 . Finally, through there were a few sexually transmitted HIV cases among children under 15 years old [1, 45] , we do not consider this age group in our model. By the above notations and assumptions, the model is given by the following nine ordinary differential equations
dI a (t) dt = φ a (t)S a (t) + α y I y (t) − α a I a (t) − r a I a (t) − µ a I a (t) − β a I a (t),
where φ y (t) = (β 11 I y (t)+β 21 
. Youth, adult, and elderly classes have different mortality rates µ y , µ a , µ e , and AIDS related death rate d y , d a , d e , respectively. The other parameters are listed in Table 1. 3. Mathematical analysis.
3.1. Basic properties. In this subsection, the basic dynamical features of model (1) will be explored. We claim the following lemma.
Lemma 3.1. The solution (S y (t), I y (t), A y (t), S a (t), I a (t), A a (t), S e (t), I e (t), A e (t)) of system (1) with nonnegative initial values eventually enters D = (Si, Ii, Ai)|Si, Ii, Ai 0, i = y, a, e, 0 Ny
where N a = S a + I a + A a , N y = S y + I y + A y , N e = S e + I e + A e ,
Proof. Adding the three equations in the youth class in model (1), we have dNy dt Λ − ξ 1 N y . According to the standard comparison theorem [8] , there exists t 1 > 0 such that N y (t) Λ ξ1 , for t t 1 . It follows from system (1) that dNa dt m 1 N y −ξ 2 N a for t t 1 . Then there exists t 2 > t 1 such that N a Λm1 ξ1ξ2 , for t t 2 . Similarly, there exists t 3 > t 2 such that N e Λm1m2 µeξ1ξ2 , for t t 3 . Therefore, solutions of system (1) are uniformly ultimately bounded. This completes the proof.
In what follows, we consider only solutions with initial conditions inside the region D.
3.2.
Disease-free equilibrium E 0 and basic reproduction number R 0 . The system (1) always has the disease-free equilibrium
According to the concepts of the next generation matrix [9, 10] , system (1) can be rewritten as follows:ż
The Jacobian matrices of F and V at E 0 respective are
Hence
Then the characteristic equation of FV −1 is derived as
Then we obtain the basic reproduction number
3.3. The global stability of E 0 . The main focus of this subsection is to analyze the local and global behavior of the disease-free equilibrium E 0 of model (1) . First, we state and prove the result about local asymptotic stability for the disease-free equilibrium E 0 .
Theorem 3.2. The disease-free equilibrium E 0 is locally asymptotically stable provided that R 0 < 1.
Proof. The 9 × 9 Jacobian matrix J(E 0 ) can be presented as follows:
where
The eigenvalues of (5) are determined by those of (6), (7) , it suffices to prove that all eigenvalues of above matrices have negative real parts when R 0 < 1. The characteristic equation of N 3×3 in (7) : (λ + µ e )(λ + µ e + r e − β 33 )(λ + µ e + d e ) = 0, it is easy to show that all eigenvalues of the characteristic equation have negative real part from (3) and (4) when R (λ+η 4 )(λ+α a +µ a )(λ+η 2 )(λ+α y +µ y ) ((λ + a 1 )(λ + a 2 ) − β 21 (β 12 + α y )) = 0, (8) where a 1 = η 1 − β 11 , a 2 = η 3 − β 22 . We claim that all roots of (8) have negative real parts. To achieve this goal, it suffices to show a 1 , a 2 > 0, a 1 a 2 − β 21 (β 12 + α y ) > 0.
If R
(2) 0 < 1, it follows from the expression of R (2) 0 in (4) that
it implies that A 11 < 1 and A 33 < 1. From (3), we obtain a 1 > 0 and a 2 > 0. As R
, we obtain that
Above all, the roots of (6) and (7) have negative real parts, it implies that E 0 is locally asymptotically stable. This completes the proof.
In the next, we prove the global stability of disease free equilibrium E 0 . For this purpose, we first introduce the following system 
where X ∈ R n denotes (its components) the compartment of uninfected individuals and I ∈ R m denotes (its components) the compartment of infected individuals including latent, infectious,etc. U (X * , 0) denotes the disease-free equilibrium of system (9) . By the similar arguments as those in [4] , the following Lemma is valid.
Lemma 3.3. The disease-free equilibrum U (X * , 0) of system (9) is globally asymptotically stable provided that R 0 < 1, and the following assumptions are satisfied (C 1 ) For system dX dt = P (X, 0), X * is globally asymptotically stable, (C 2 )Ḡ(X, I) = HI − G(X, I),Ḡ(X, I) ≥ 0 for (X, I) ∈ Ω, H = D I G(X * , 0) (the derivative of G(X, I) with respect to I at U (X * , 0)), and −H is an non-singular M-matrix.
Theorem 3.4. The disease-free equilibrium E 0 of system (1) is globally asymptotically stable provided that R 0 < 1.
Proof. In order to prove this result, it suffices to show that system (1) satisfies the above two conditions in Lemma 3.3. System (1) can be re-written in the form of (9) by using the similar method in [4] , then X = (S y , S a , S e ), I = (I y , A y , I a , A a , I e , A e ). U (X * , 0) = E 0 (the disease-free equilibrium of system (1)), where X * = (S 0 y , S 0 a , S 0 e ). Furthermore, P (X, 0), G(X, I) can be expressed as follows
From (10), the global stability of X * of the system dX dt = P (X, 0) is easy to check. Hence, condition (C 1 ) is satisfied.
Next, we prove that model (1) satisfies condition (C 2 ). From (11) , the expressions of −H,Ḡ(X, I) are given by
Since 0 ≤ S i ≤ N i (i = y, a, e), it follows from (12) thatḠ(X, I) ≥ 0. Further, it is suffices to show that −H in (12) is an non-singular M-matrix when R 0 < 1. In fact, it is obvious that −H has positive diagonal entries and negative off-diagonal entries. Next, we prove that all eigenvalues of −H have positive real parts when R 0 < 1. The characteristic equation of −H is derived as
It follows from the process of the proof for Theorem 3.4 that all eigenvalues of (13) have positive real parts. Thus, we obtain that −H is an non-singular M -matrix. This completes the proof of Theorem 3.4.
4.
Permanence of the disease. In this section, we investigate permanence of the disease for system (1), We first introduce the following notations which will be used throughout this section
It is obvious that X and X 0 are positivity invariant of system (1). In the following, we will show that system (1) is uniformly persistent with respect to (X 0 , ∂X 0 ). For this purpose, we denote
here Φ t : X → X is the semiflow defined by system (1) . Now, we give the following Lemma Proof. For convenience, let M = {(S y , 0, 0, S a , 0, 0, S e , 0, 0)|S y , S a , S e 0}. We will show that M ⊂ M ∂ and M ∂ ⊂ M. For the former part, it is obvious, so we will prove the latter part, which means that if (S y (0),
By contradiction, assume at least one of I i (0) or A i (0) (i = y, a, e) is greater than zero, for example, I y (0) > 0, then we can get A y , I a (t), A a (t), I e (t), and A e (t) are all greater than zero in certain interval, such as [0, T 1 ]. In fact, for t ∈ [0, T 1 ], from the inequality (14), we know that any point in ∂X 0 with I y (t) > 0 can not belong to M ∂ . The similar idea and procedure show that any point in ∂X 0 other than (S y , 0, 0, S a , 0, 0, S e , 0, 0) can not belong to M ∂ . Hence, it is now obvious that Lemma 4.1 holds.
, A e (t)) is an arbitrarily solution of system (1) with any initial value in X 0 .
Proof. By Leenheer and Smith (Proof of Lemma 3.5 in [19] ), we only need prove
Thus, by (15) there exists a T and small enoughε > 0 such that A i (t) <ε, I i (t) <ε for all t > T . The equation
has an equilibrium S * y (ε), which is globally stable and limε →0 S * y = S 0 y . Then for any solution of (16), there exists a T 4 > T and small enough positive ε 1 such that S y (t) S * y (ε) − ε 1 holds when t T 4 . By the comparison principle, there exists a small enough ε 2 > 0 such that S y (t) S y (t) S 0 y − ε 2 .
For the equation
there also exists T 5 > T 4 and small enough ε 3 such that S a (t)
The same produce applies to S e (t) yielding that S e (t)
S 0 e − ε 4 for t > T 6 (T 6 > T 5 ) and small enough positive ε 4 .
In order to use comparison theorem, we replace I i , A i (i = 1, 2, 3) with some new variables x j (j = 1, 2, 3, 4, 5, 6) in system (1), respectively. Accordingly, for any large enough t > 0, we consider the following auxiliary system which is associated with D.
The Jacobian matrix of system (17) at the disease-free equilibrium E 0 is
Let s(J) = max{ λ|λ ∈ σ(J)}, where λ denotes the real part of λ, and σ(J) is the set of eigenvalues of matrix J. From (8), (18), we know that if R 0 > 1, then s(J 0 ) > 0, and s(J) > 0 for ε 2 , ε 3 , ε 4 . In fact, J is a quasi-positive matrix (the matrix has nonnegative off-diagonal entries), and there exists a vector ρ > 0 such that Jρ = s(J)ρ (See Corollary 3.2 in [38] ). Then, ( (1) is uniform persistence with respect to (X 0 , ∂X 0 ), i.e., there exists ς > 0 such that the solution of system (1) with any initial values in X 0 satisfies
Proof. It is obvious that both X and X 0 are positively invariant and Φ t is compact and point dissipative, which implies that there exists a global attractor for Φ t , then condition (
which implies the solution of system (1) from X 0 can not run to the boundary, i.e., W s (E 0 ) ∩ X 0 = ∅, then condition (C 2 ) is also satisfied. By Theorem 1.3.1 in [56] with L = X 0 , system (1) is uniformly persistent with respect to (X 0 , ∂X 0 ). This completes the proof of the Theorem. Proof. For the existence of endemic equilibrium in system (1), from those equations in system (1), it revealed that X 0 is a positively invariant set for Φ t , so Φ t (X 0 ) ⊂ X 0 for t 0. Furthermore, Φ t is point dissipative (it is equal to the solution of system (1) is ultimately bounded, this conclusion has been proved in Lemma 3.1), Φ t is compact for each t > 0, and Φ t is uniformly persistent in regard to (X 0 , ∂X 0 ) (it has been obtained in Theorem 4.3). Based on the above results, Φ t has a stationary coexistence state in X 0 , i.e., there exists at least one endemic equilibrium for Φ t (Theorem 1.3.7 in [56] ). This completes the proof Theorem 4.4. (1) with different initial values eventually converge when R 0 > 1, which give us the hint that there may be one and only one endemic equilibrium and that it may be globally attractive if R 0 > 1.
5.
The global attractivity of the endemic equilibrium: A special case. We first assume that some parameters of system (1) satisfy the following assumption in this section.
Assumption 5.1. Assume that β 21 = β 12 = β 23 = β 32 = 0, β y < α y , and β a < α a in system (1). Figure 3 . Dynamics of the solutions of system (1) when R0 = 1.73415, where the variables and parameters are given in Table 1 .
Theorem 5.2. If Assumption 5.1 andR 0 > 1 are satisfied, then there exists a unique endemic equilibrium E * =(S * y , I * y , A * y , S * a , I * a , A * a , S * e , I * e , A * e ) of system (1) and E * is globally attractive, wherẽ
Proof. Substituting E * into system (1) under the Assumption 5.1 yields 
where N * i = S * i +I * i +A * i , i = y, a, e. After a careful calculation for the first, second and third equations of (19) , we obtain
Then S * a , A * a can be derived from the forth, fifth and sixth equations of (19) , namely, A * a = (β y I * y + r a I * a + α y A * y )/η 4 , S * a = (α y S * y + α y I * y +η 3 )/(α a + µ a ), where I * a is the root of the following quadratic equation
It is obvious that equation (20) has a unique positive root I * a , hence A * a is positive. Similarly, S * e , I * e , A * e can be determined. Thus, we complete the proof of the existence and uniqueness of the endemic equilibrium.
Next, we need to show that E * is globally attractive whenR 0 > 1. For this purpose, we construct a Lyapunov function Using (19) and noting that 
The time derivative of V a (t) computed along the solutions of system (1) 
In fact, if (21) holds, then there exists a large enough t 1 such that dVa dt ≤ 0 for t > t 1 , and the equality dVa dt = 0 holds if and only if S a = S * a , I a = I * a , A a = A * a . Hence
Similarly, it follows from Eq. (22)-(23) that
and there exists t 2 > t 1 such that dVe dt ≤ 0 for t > t 2 , with dVe dt = 0 at S e = S * e , I e = I * e , A e = A * e . Hence, lim t→∞ S e (t) = S * e , lim t→∞ I e (t) = I * e , lim t→∞ A e (t) = A * e . Above all, we claim that E * is globally attractive. This completes the proof of the Theorem.
One of the most significant concerns about HIV is its ability to infect susceptible population, we show in Theorem 3.4 that the population remains in the absence of HIV and the disease will be eventually extinct if R 0 < 1, which is a critical threshold to determine the condition for the disease outbreak. In Theorem 4.3, we claim that the disease will be always persistent when R 0 > 1. Finally, the disease probably becomes epidemic at certain level, which corresponds to the endemic equilibrium in Theorem 4.4 and Theorem 5.2.
6. Optimal control. In this section, we propose and analyze an optimal control problem applied to the HIV dynamics described by system (1) . Compared with new youth cases, the new elderly infected cases increase rapidly, which is shown in Table 2 . The proportion of the elderly cases in total increases from 6.30% in 2005 to 30.35% in 2017. This indicates that older people have increasingly risk of HIV/AIDS infection. Further, in the aged group, the condom use rate just reaches 15% or less [14] at the time of sexual behavior, which increases HIV infection in the elderly people group dramatically. The increasing number of HIV infected individuals moves to and becomes AIDS patients also results in the raise of elderly HIV/AIDS infected cases [28, 27] . Hence, some measures must be taken for the HIV transmission of the elderly. For this purpose, we take optimal control measures to reduce the number of HIV infected and AIDS patients among elderly, namely our goal here is to find one optimal control strategy for I a individuals move to A e individuals that will minimize the transfer rate, the other optimal control strategy for decrease HIV transmission, such as increases condom use. We introduce timedependent controls u 1 (t) and u 2 (t). This results in the following system
where the parameters are as defined in Table ( 1) . The control functions u 1 and u 2 are bounded Lebesgue integrable functions and represent the condom use and remove from I e (t) to A e (t) suppressing control measures, respectively. The coefficient (1 − u 1 (t)), represents the control effect that reduces HIV transmission of elderly, while the coefficient (1−u 2 (t)) gives the effect of treatment that reduces the transfer from I e (t) to A e (t). If u 1 = 0, u 2 = 0, then there is only enhance treatment for HIV infection elderly and no inhibition of transmission. If u 1 = 0, u 2 = 0, then there is only inhibition of transmission and no control measure for enhance treatment of HIV infection individuals among elderly. If u 1 = 0 and u 2 = 0, then there is no inhibition of transmission and remove from I e (t) to A e (t).
Note that for nonnegative initial conditions and bounded Lebesgue measurable controls, the state system admits nonnegative bounded solutions. We formulate an similar form in [34, 32] objective functional for the control system (24) , with the goal of minimizing HIV infection individuals and AIDs patients among elderly over a finite time horizon [0, t f ]
where u(t) = (u 1 (t), u 2 (t)), positive constants w 1 and w 2 represent the balancing factors associated to the total numbers of new HIV infections, AIDS patients among the elderly group, respectively. The balancing factors associated to the cost component u 2 1 (t) and u 2 2 (t), are denoted by a positive constant w 3 and w 4 , respectively. We consider the following set of admissible (bounded) control functions
where u 1 (t) and u 2 (t) are Lebesgue measurable with upper bounds. Thus, the optimal control problem consists of determining the vector function (S y ,Ī y ,Ā y , S a ,Ī a ,Ā a ,S e ,Ī e ,Ā e ) associated with an admissible control pair u * 1 , u * 2 on the 
According to the Pontryagin Maximum Principle [35] , the Hamitlonian is constructed from system (24) with the underlying state dynamic attached
Theorem 6.1. There exists a pair of optimal controls u * 1 , u * 2 and corresponding solution vector (S y ,Ī y ,Ā y ,S a ,Ī a ,Ā a ,S e ,Ī e ,Ā e ) that minimizes J(I e , A e , u) over Ω. Furthermore, there exist adjoint functionsλ k , k = 1, 2, . . . , 9, with transversality conditionsλ k (t f ) = 0, k = 1, 2, . . . , 9, as follows:
Ny ,
Also, the optimal control functions u * 1 , u * 2 are given by
Proof. The existence of optimal control u(t) due to the convexity of the integrand of (25) with respect to u 1 (t), u 2 (t), a priori boundedness of the state solutions is given by Corollary 4.1 [13] , and the Lipschitz property of the state system with respect to the state variables. We obtain the adjoint and control system by Pontryagin's Maximum principle. The adjoint system
with zero final time conditions. To get the characterizations of the optimal control given by (27) , we obtain ∂H ∂u 1 = 0, ∂H ∂u 2 = 0.
Using the bounds on the controls, we obtain the desired characterization (27) . We study numerically the optimal control problem (26) in the next section.
7.
Application to the control of HIV/AIDS among the aged group in China. In this section, we use model (1) to predict the HIV/AIDS trend among three-age-classes in China. Firstly, we collect and settle the HIV/AIDS data in China, estimate the parameters and initial values of model (1) . Secondly, we perform some sensitivity analyses to analyze the effects of the parameter values on the basic reproduction of system (1) . At last, we solve the optimal control problem in (25) by numerical simulation.
7.1.
Estimation of the model parameters and initial values. National death rates of youth, adult, and elderly are respective taken to be µ y = 0.765, µ a = 1.852, and µ e = 2.07 in [7] . Average incubation period of youth, adult, and elderly are respective taken to be r y = 1/12.5, r a = 1/10, r e = 1/7.9 per year in [1] , corresponding to the incubation expectancies of youth, adult, and elderly equal to 1/r y = 12.5, 1/r a = 10, 1/r e = 7.9 years, respectively.
AIDS-related death rate among youth, adult, and elderly are respective assumed to be d y = 2.3%, d a = 9.7%, d e = 16% in [12] and [52] .
Condom use rates among youth, adult, and elderly are taken to be c 11 = c 12 = 57.5%, c 21 = c 22 = c 23 = 34.5%, c 33 = 20.0%, respectively. (see [51] and [17] ).
Infection rate of i group from youth, adult, and elderly are respective chosen to be δ 11 = δ 12 = 0.012%, δ 21 = 2.8%, δ 22 = 4.2%, δ 23 = 6.6%, δ 33 = 7.2% in [23] , [42] , and [21] . Those papers all focus on statistic and Mate analysis based on the real demographic and epidemiological data in China, hence our parameter values are reasonable and credible.
The annual average birth rate is 12.4% over one thousand in 2005, which is obtained from the National Bureau of Statistics of China [7] , then recruiting number of susceptible youth is 248016514 × 1.24% = 3075405, namely, Λ = 3075405.
Notice that all the parameters in Table 1 have already been fixed except α y , α a , β y , β a . In order to estimate those parameters, we simulate system (1) starting from the initial conditions.
The population of youth, adult, and elder groups are 248020700, 583080200 and 337676900 in 2005, respectively, which is obtained from the National Bureau of Statistics of China [7] . Thus, we have the initial values of susceptible: S y (0) = 248020700 − 4186 = 248016514, S a (0) = 583080200 − 33430 = 583046770, S e (0) = 337676900 − 2563 = 337674337.
From [48, 5] , we have the annual HIV/AIDS cases in 2005 among youth, elderly populations: I y (0) = 3980, A y (0) = 1206, I e (0) = 2238, A e (0) = 1199. Furthermore, the total annual HIV and AIDS cases are 33161, and 7550 in 2005 [43] , respectively. Hence, we obtain I a (0) = 26943, A a (0) = 5145.
A relatively good fit to new HIV/AIDS infection cases among youth, adult, and elderly (see Figure 5 and Figure 4 ) was obtain with α y = 0.025, α a = 0.043, β y = 0.03, β a = 0.041.
All the parameter values have now been fixed and are summarized in Table 1 . The annual HIV/AIDS reported data in China from 2005 (t = 0) to 2017 in Table 1 show that the HIV/AIDS cases among elderly population increase rapidly. We use system (1) to simulate youth, the elderly and total HIV/AIDS cases, the numerical fitted curves of HIV/AIDS cases based on the statistical data in Table 2 are presented in Figure 5, 4 , it can been seen that our model fit the reported cases very well, and the predictions of HIV/AIDS cases among groups in the next few years are given in Figure 5, 4 . The fitting results show that the model is reasonable. Especially, it is observed that the growth rate of HIV infected in old people will be faster than young people in Figure 4 (b) , which reveals that the elderly group will become HIV high risk group and HIV/AIDS cases among the elderly group remain increase rapidly unless some effective measures are taken. Sensitivity analysis of the main parameters, analysis of optimal control and prevention measures are given in Figure 6 , 3, 8, 9, 10. Latin square sampling and partial rank correlation coefficient (PRCC) methods. In the absence of available data on the distribution functions, we choose a uniform distribution for all input parameters with the minimum and maximum values shown in Table 1 and tested for significant PRCCs for all parameters of R
0 (PRCCs is given in Table 3 ). Figure 6 shows PRCCs values of parameters against the basic reproduction number, which indicates that the parameters of model (1) except δ 11 and δ 12 have significant impact on the basic reproduction number R (2) 0 . These results indicate that decreasing the transmission rate of sexual or increasing the condom use proportion are the most effective measures to reduce the basic reproduction number. That is, the implement of highly condom use is a critical control measure. So, studying the effects of changing these two parameters on the basic reproduction number is of significantly applied value. Besides, the transfer rates β a and α a have important impact on R (2) 0 , it means that an important reason for HIV/AIDS cases increasing vigorously among old people is due to the HIV cases among adult become to HIV/AIDS among the elderly group [28, 27] .
We carry out some sensitivity analyses to investigate the influence of parameters on R Table 3 . The PRCC of the parameters in model (1) . trends with respect to different parameters, the other parameters are listed in Table 1 .
the same as the above cases besides α a , α y in Figure 7 (a). Similarly, in Figure  7 (b), r y , β a influences on R
is an increasing function of α y and r y , respectively, and decreasing function of β a , r a (see Figure 8 (a) ). Furthermore, from Figure 8 (b) we can see that R
(2) 0 is always greater than 1, it means that the population of infected HIV among youth and adult increasing is mainly due to sexual transmission. 7.3. Optimal control strategies. We now solve the optimal control problem proposed in Section 6 for w 1 = 1, w 2 = 2, w 3 = 1000, w 4 = 950, t f = 20, and the parameters, initial conditions in Table 1 and subsection 7.1. The optimal controls u * 1 and u * 2 take the maximum values for interval [0, 4.444], [0, 10.36] years, respectively (see Figure 9 (a)). The optimal controls u 1 (t) and u 2 (t) are decreasing functions in intervals [4.44, 18] , [10.3, 18] , respectively. We obtain that u * 1 (18) = 0.06, u * 2 (18) = 0.04924 from Figure 9 (a). From Figure 9 (b) , it is revealed that the number of AIDS individuals among elderly associated with the optimal control strategies decreases from 1460 to 460 individuals fleetly, and at the time of t = 18 years, the number of AIDS patient among elder people associated with the optimal controls trends with respect to different parameters, the other parameters are listed in Table 1 .
is almost 430. We obtain that the strategy associated with controls leads to significant decrease on the number of AIDS individuals among elderly. The maximum value of the number of A e also decreases significantly when the control strategies are applied. The optimal control u 2 (t) implies a significant transfer of HIV infected among adult to the AIDS people among elderly. Meanwhile, we analyze the impact of initial values of I y (t), I a (t), I e (t) on the optimal control strategies. In Figure  10 (a), (b), it is shown that decrease of I a (0), I y (0) will shorten the duration of the maximum values of optimal controls u * 1 , u * 2 . Conversely, the increase in the initial value of infected individuals in the three groups will prolong the duration of the maximum control intensity, wherein the change in the initial value of the elderly group has great impact on the control intensity (see Figure 10 (c)). These results indicated that the difficulty of control and the cost of control increase as the initial value of infected individuals among the three groups. In other words, it is necessary to take timely control measures for HIV transmission, which can improve control efficiency while reducing control costs.
From an epidemiological point of views, the control measures must be taken when the disease outbreaks, i.e., the basic reproduction number larger than 1 in this paper. Hence, one interesting question is how the basic reproduction R (1) 0 of elderly in (4) influences on the optimal control strategies u 1 (t) and u 2 (t). To do this, we choose the parameter δ 33 = 0.172, 0.25, 0.4, r e = 1/8.2, 1/7.9, 1/7.2, and other parameters are the same in Table 1 . After simple calculation, we obtain R (1) 0 = 1.075, 1.56, 2.5, respectively. Corresponding the optimal control strategies u * 1 and u * 2 are showed in Fig. 11 . From Fig. 11 (a) − (b), it can be seen that the intensity of the optimal control strategies u * 1 and u * 2 will be strengthen when the basic reproduction number R (1) 0 increases. This is indicated that the increase in the basic reproduction will have a negative effect on the control strategies. In other words, the optimal controls should be strengthen when the prevalence of HIV increases among elderly.
Finally, in order to effectively control the HIV/AIDS infection among the elderly, we discuss the numerical solutions of the optimal system and the corresponding Fitting curve under optimal controls Fitting curve without optimal controls (b) Figure 9 . (a): Optimal solutions for the system (1), u * 2 in green full line and u * 1 in purple full line. (b): Ae(t) trends in regard to the optimal controls, where Ae without control strategy in red solid line, Ae under the optimal control in blue dashed line. Other parameters are the same in Table 1 .
results of the optimal controls u 1 and u 2 . In Figure 9 (b), the impact of the optimal controls of the AIDS cases among the elderly is presented, it can be seen that AIDS decreases observably among the elderly under the optimal controls. As a comparison with the optimal controls we take in Figure 9 (b), we show the counterfactual AIDS cases among the old people under the optimal strategy u 1 or u 2 only are shown in Figure 12 and Figure 13 . We observe in Figure 12 (b) that the number of old AIDS patients A e (t) is eventually decreasing but rising at the beginning under the optimal control u 2 (t) only. This result is due to a lack of intervention in the sexual behaviors among the elderly. In Figure 13 (b), it shows that the number of A e (t) is initially controlled significantly but start rising again at about the 8th year. This may be connected to the fact that the development of chronic HIV infection to AIDS is an important cause of the increase in the number of the aged AIDS patients. The above results, however, do not correspond to what we purpose and expect. On the contrary, the result depicted in Figure 9 (b) clearly suggests that the strategy we propose in Section 5 is very efficient and effective for the control of the number of AIDS patients among the elderly. 8 . Conclusion and discussion. In this paper, the dynamics of a HIV/AIDS epidemic model with three-age-levels are analyzed. In fact, compartment models for HIV transmission among high risk groups ( FSWs, MSM) have been studies by many researchers [40, 2, 47, 53, 54] . However, to our knowledge, there are no mathematical models established to analyze HIV transmission among different age groups although the spread and duration of HIV/AIDS vary considerably among people of different ages. Our main concerns are to study the HIV transmission among different ages and to study the effect of optimal control strategies on HIV/AIDS among Other parameters are the same in Table 1 .
the elderly population. For this purpose, the total population is divided into three compartments including youth (15-24 years old), adult (25-49 years old) and elderly ( 50 years old) in our model. We deduce the formula of the basic reproduction number R 0 and show that the disease-free equilibrium is globally stable if R 0 < 1 and the disease is persistent when R 0 > 1. Meanwhile, we prove the existence, uniqueness and global attractivity of the endemic equilibrium in a special case. At last, the optimal controls are given to control HIV/AIDS transmission among elderly individuals. on u * 2 , other parameters are the same in Table 1 . The impact on Ae(t) with the optimal control strategy u2(t) = 0, u1(t) = 0, other parameters are the same in Table 1 .
The numerical analyses reflect the trend of HIV/AIDS among different age groups in China based on fitting and prediction of the annual HIV/AIDS infected cases among these groups from 2005 to 2017. The model predicts consistent increases in the numbers of HIV/AIDS infections among all age groups in the next a few years, The impact on Ae(t) with the optimal control strategy u1(t) = 0, u2(t) = 0, other parameters are the same in Table 1 .
with a significantly rapid increase among the elderly population. This finding indicates that the elderly people have become a new high-risk group, which is in lines with [48] . In the part of sensitivity analyses, we analyze the effects of the parameter values on the basic reproduction number R
(2) 0 of system (1) by Latin square sampling and partial rank correlation coefficient (PRCC) methods, these results indicate that decreasing the transmission rate of sexual behaviors and increasing condom use are the two most effective measures to reduce the basic reproduction number. More specifically, the numerical results of the optimal controls show that strengthening treatment to reduce HIV infection individuals move to AIDS patients and encouraging condom use is critical to the control of HIV transmission among elderly group.
